CHARACTERS OF REPRESENTATIONS OF QUANTUM 
GROUPS OF TYPE A n 
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Abstract. We introduce the notion of characters of comodules over coribbon 
Hopf algebras. The case of quantum groups of type A n is studied. We establish 
a characteristic equation for the quantum matrix and a q-analogue of Harish- 
Chandra-Itzykson-Zuber integral 



Introduction 

Let G be an algebraic group, V be a G-module. The character 3>y of V is a 
function on G, whose value at an element g of G is the trace of the operator on 
V, induced by g. In this note we introduce the notion of characters of quantum 
groups. Thus the algebraic group G will be replaced by a coribbon Hopf algebra 
H, G-module will be replaced by i7-comodules, their characters are elements of H. 

To the further generalization, we also introduce the notion of characters of en- 
dormorphisms of ii- comodules, thus obtain a trace map from the endomorphism 
rings of ii-comodules into H. Further we introduce the notion of partial characters. 
As an application we define the braided powers of a multiplicative matrix. 

We focus ourselves on matrix quantum groups of type A n _i. These quantum 
groups are defined in terms of even Hecke symmetries. They are quantum analogies 
ofthe general linear group GL(n), whose characters are closely related to symmetric 
functions in n variables. It turns out that the characters of a quantum group of 
type A n -\ form a ring that is isomorphic to the ring of symmetric functions in 
n variables. The characters of cndomorphisms of the tensor powers of the basic 
comodule induces a trace map on the Hecke algebra with values in the ring of 
characters. Finally, using the partial characters we define the quantum powers of a 
quantum matrix and prove the characteristic equation for these powers. 

As an application, we give a q-analogue of the Harish-Chandra-Itzykson-Zuber 
(HCIZ) integral formula. Classically, the HCIZ formula computes the integral 

I(M,N,t):= / exp(ttr(M(7iV(7 t ))d[/ on the unitary group U(n), where M,N 

JU(n) 

are hermitian matrices. This integral is computed in terms of irreducible characters 
of U{n) evaluated at M and N jjj: 

00 4-n A 

I(M,N,t) = V— $a(M)$ a (7V). 

n=0 Ahn 

We also derive a formula for a special trace map of the Hecke algebras at prim- 
itive idempotents. Consequently we obtaind an interesting interpretations of the 
characters tables of the Hecke algebras. 

The paper is organized as follows. In Section [j] we give the definitions and 
basic properties of coquasitriangular and coribbon Hopf algebras. Then we define 
the characters of comodules over coribbon Hopf algebras as well as characters of 
endomorphisms and partial characters. In Section ^| we first recall the definitions 
and representation theory of a matrix quantum group of type A T _\. It is defined 
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in terms of an even Hecke symmetry R of rank r over a vector space V. For more 
details the reader is referred to |||. The Hecke symmetry induces an action of 
the Hecke algebra over the tensor powers of V, which is the centralizer of the action 
of the quantum group on V. The character map then induces a trace map on the 
Hecke algebras with values in the commutative algebra spanned by characters. We 
then define the quantum powers of the quantum matrix and prove the characteristic 
equation. In Section ^ we prove a quantum analogue to the HCIZ formula for the 
integral on quantum groups of type A r _\ in terms of the just introduced characters. 
At the end we also notice an interesting interpretation of the characters tables of 
Hecke algebras in terms of their minimal central idempotents. 

Notations. All bialgebras, Hopf algebras as well as their comodules are defined 
over a fixed algebraically closed field K of characteristic zero. For a bialgebra, the 
coproduct is denoted by A, the counit is denoted by e. For a Hopf algebra, the 
antipode is denoted by S. 

The Hecke algebra TL n — TL q . n is spanned as a vector space over 1 by a basis 
{T w \w € & n }, &n is the permutation group. The element T( i i+1 ) is denoted by 
Ti. H n is generated, as an algebra, by {Ti, i = 1, 2, n— 1} subject to the relation 
TiT i+1 Ti = T l+1 T t T i+1 , Tf = (q-l)Ti+q. It is semisimple provided q n ^ l,Vn > 1. 

A partition A of a positive integers n is a sequence of non-increasing non-negative 
integers, whose sum is n, in notation A h n of |A| = n. V denotes the set of all 
partitions, V n denotes the set of partitions of an integer n, V r denotes the set of 
all partitions of length (i.e., the number of non-zero components) at most r. 

A diagram [A] is a matrix, whose first row contains Ai entries, second row contains 
A2 entries, and so on... The coordinate of a node in the i-th row and j-th column 
is 

1. Coribbon Hopf Algebras and Their Characters 

1.1. Definitions. A coquasitriangular (CQT) structure on a bialgebra B is a bi- 
linear form r : B <g> B — > IK subject to the following conditions 

i. a {1) b {1) r(a {2) ,b {2) ) = r{a (1) ,b (1) )b {2) a (2) ~ "naturality" , 

ii. r is invertible in Hom(B eg) B, K), 
hi. r(a,bc) = r(a {2 ),b)r(a {1) ,c) 

r(ab,c) — r(a, C(i))r(6, C(2)) - "multiplicativity" . 
Here we use Sweedler's sigma notation for the coproduct: A(x) = xm <8> %(2)- 

A (Hopf) bialgebra equipped with such a structure is called coquasitriangular 
(CQT) (Hopf) bialgebra. 

In a CQT Hopf algebra, the square of the antipode is co-inner, that is 

S 2 (a) = M _1 (a (1) )a (2) M(a (3) ), (1) 

where u(a) := r(a( 2 ), S(a^i)) and u^ 1 is its inverse in Hom(i?, K), u _1 (a) = r(S 2 (a^). 

A CQT structure on a bialgebra induces a braiding || in the category of its 
right comodules in the following way. Let (B,r) be a CQT bialgebra, for any right 
B-comodules M, N, define a morphism 

TM,N( m , n ) = "(0) ® m (o) r { m (i), n {i)) ■ M <g) N — > A® M. 

Then r is a braiding in _B-Comod - the category of right _B-comodules. 

A coribbon Hopf algebra is a CQT Hopf algebra (H, r) equipped with a linear 
mapping t : B — > K subject to the following relations: 

i. <(a(i))o( 2 ) = a(i)<(a( 2 )) - "naturality", 

ii. t o S = t - "rigidity" , 

hi. t is invertible in Hom(B,K), 

iv. t(ab) = t(a (1) )t(6 (1) )r(6(2)a ( 2 ) )r(a ( 3 ) ,6 (3) ) - "twist". 

v. t(ln) = 1 - "normalization". 
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t has the following property: 

t(a {1) )t(a {2) ) = u" 1 (a (1) )u" 1 (S'(a (2) )). (2) 

The proof is to write out the right-hand side of the quality e(a) = t(a^S(a^2))) 
and to use (|l|). 

Let (H, r, t) be a coribbon Hopf algebra. Then ff-comod, the category of finite 
dimensional right H-comodules, is a ribbon category |(| with the twist given by 

9 M : M — > M; 9 M (m) = m (0 )t(m (1 )), (3) 

for any finite dimension right -ff-comodule M. Then 8 commutes with any morphism 
and we have 

$ M » = Q*m = ids 

&m®n = (0m ® On)t~n,mtm,n- 

1.2. The Characters. Now we are going to define the characters of comodules 
over a coribbon Hopf algebra. First we recall the definition of rank or braided 
dimension of comodules. The rank of a comodule M over a coribbon Hopf algebra 
H is 

rank(M) := evy o t m ,m*(#m <8> id M - )db M (lK) £ K, 
where dbjvr : K — ► M <g> M* , ev M ■ M* ® M — > IK are morphisms that make 
M* the dual comodule to M. The isomorphism 9 is inserted in the definition 
in order to provide that rank(M <g) N) = rank(M) • rank(iV). It is also obvious 
that rank(M ® N) = rank(M) + rank(TV), rank(M*) = rank(M). Unfortunately, 
the rank is generally not additive with respect to short exact sequences. For a 
morphism / : M — ► M, we define its braided trace to be 

Tr(/) := ev v o t m ,m* (/ ° 9 M ® idM*) db A/(l K ) £ K. 
It is easy to see that Tr is additive and tensor multiplicative, moreover, Tr(/ o g) = 
Tr(g o /). Notice that rank(M) = Tr(id M )■ 
The character $(M) is defined to be 

$(M) := (ev M ® id ff ))(id M * ® 5 m )tm,m* (°m ® id M *) db M(lK) 6 
Analogously, for a morphism / : M — > M, we define it character to be 

$(/) := (ev M <8> idtf )(id M * <8> o~m)tm,m* (/ ° #m ® id M * )db M (lK) 6 
Notice that $(M) = $(id M ) and e($(/)) = Tr(/), e is the counit on if. Thus we 
have a character map $ : End ff (M) — ► 

Lemma 1. The character map <3? has the following properties 

i. $(/ + </) =$(/) + $(<?) 

ii. *(/ ® fc) = $(/)$(/») 

iii. *(/o S ) = ${gof). 

(ii) and (iii) imply that = $(<?)<£(/). Proo/. . The properties (i)and 

(iii) are obviously, (ii) follows from the following identity 

T M ®n <M ,® n {6 M ®n <g> id M .®~) = db^ o db^ 1 o • • ■ o db Af : K — > M®" ® M*®", (4) 
where db^®™ := id^ 1 ® dbM (8 id^» .1 

Thus, $ is a trace map on End ff (M) with value in the commutative subalgebra 
of H spanned by characters. 

Assume now that / : M ® N — > M (g> N . Then we define its partial character 
with respect to M, $m(/) : N* ® N — > H, to be 

$m(/) := (e«Af«.w 8) idff)<5M®iv(id.!v. ® (/ o t m ,m*(^m ® id M *) db M) ® idjv)- 

The partial character is used particularly to define the braided powers of the multi- 
plicative matrix associated to M, We mention the following property of the partial 
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character, which will be used later. Let / : M — ► M and g : M ® N — ► M <£> N. 
Then 

$m((/ ® idw) o g) = § M {g (/ ® idjv)). (5) 

Let us now give some coordinate calculation. Fix a basis X\,X2, x n of M. The 
coaction of if can then be given in terms of a multiplicative matrix A = (a*-)"j =1 : 

S(xi) — Xj Cg) aj, A(cLj) — a\ (g) aj 1 , here and later on we shall adopt the convention 
of summing up by the indices that appear both in upper and lower places. Let 
6->£2, •••>£« be the dual basis on M*. Thus, dbiwf(lic) = a;* (g>£% evM(C ®Xj) = <5]. 

Assume that with respect to the bases above tm,m and 6>a/ have matrices 
and TJ, respectively: 

tm,m{x% ® aij) = %k ® acj-Ry , ^m(^») = 
Then we have r(aj, of ) = *(a}) = Tj. Set Pjf = r(a),S(af)). Then P^P p f = 
<$£<5* and P is the matrix of tm,m*' T~M,M*( x i ® £ J ) — ® x kPa ■ Further, set 
Cj = u(aj), £>j = w(5(aj)). From the definition of u, we have Cj = Pf v D) = P/j. 
Equation (§) implies CD = DC = T~ 2 . 

Assume that a morphism / has a matrix P. Then 

$(/) = tr(DTFA), $(/*) = tr(CTPA), (6) 

where tr denotes the usual trace. 

We define the braided power of the multiplicative matrix A to be the image of 
C ® Xj under $ M g n -i (tm®™- 1 ,m) ■ Using the third property of 6, we have 

=*M*~-i(T M »„-i iM )(e®x j ) = (D® n - 1 T® n -y j (R n - 1 R n - 2 ---R 1 )ii k A?c 

where a,j := a£a£ ■ ■ • a*™ . 

1.3. Characters of Cosemisimple Coribbon Hopf Algebras. A Hopf algebra 
is called (right) cosemisimple iff the category of its (right) comodules is semisimple, 
that is all comodules are absolutely decomposable. In this case there exists an H- 

comodule morphism, called integral, / : H — ► K, that is, / satisfies the following 
relation: J (a) = ei(i) J (a (2)), J (1) = 1. H decomposes into the direct sum of its 

simple subcoalgebra H = OieiHi, Hq = K and J \ H . — unless i = 0. As in the 

case of finite group characters, we define a scalar product on the set of characters 
in H: 

< $(M), $(iV) >:= J($(M®N*)) = y~($(M)$(A*)). (8) 

From the preceding discussion, one sees that for a simple P-comodule M, J ($(M)) = 
unless M = K. Thus, we have the orthogonal relations for simple P-comodules 

<m)MN)>={i m_ ( 9) 

The direct decomposition of H into its simple subcoalgebras also implies that non- 
isomorphic simple comodules have different characters, and the set of characters are 
linear independent. 

Proposition 2. Let H be a co-semi-simple Hopf algebra. The subspace of H 
spanned by characters is a subalgebra of H and is isomorphic to the Grothendieck 
ring (defined over¥L) of finite dimensional H-comodules. 
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2. Matrix Quantum Groups of Type A n and Their Characters 

Let V be a vector space of finite dimension over K with a fixed basis x\, x%, X4. 
Then an operator R : V <E> V — ► V ® V can be given by its matrix RV,. R is 
called Hecke symmetry if it satisfies the Yang-Bater equation R1R2R1 = R2R1R2, 
R% := R® idy, i?2 := idy €5 R, the Hecke equation (R — q)(R+ 1) = and is closed, 
i.e., there exists a matrix Pj£, such that PjqRp^ — 8\8 k . We shall always assume 
that q n 7^ l,Vn> 1. 

The name Hecke symmetry comes from the fact that such and operator induces 
a representation of the Hecke algebra H n = ~H q , n on the power V®" of V: p n {Ti) — 
Ri := l&f^ 1 ® R® id y ,n_i ~ 1 . We denote, for convenience, R w := p n {T w ). By 
means of p„ we shall some times identify an element of TL n with an endomorphism 
of End(V®"). 

The Hecke symmetry R is called even Hecke symmetry of rank r if the anti- 
symmetrizer operator Y n := ^2 wE q (— q)~ l ( w ' Rw has non-zero rank for n = r and 
vanishes for n = r + 1 . 

Given a Hecke symmetry R, we define a bialgebra Er and a Hopf algebra Hr 
in the following way. Let {zj,tj\i,j — 1,2, ...,d} be a set of variables. Er := 
K < {z%j = 1,2,.. > /(R% n z?z? = ziz{R™), Hr := K < {z^\i,j = 
1,2, ...,d} > /(R^zfzJ 1 = zlz{R v ^,t\z) = z\t) = $*•). The coproduct on £ fl and 
is given by A(z*) = zjL <g) , A(i*) =t k d ®t\. The antipode on is given by 

— +i \ — n% ~mr<—l n rii ._ nil 

D \ z j) — l jl D \ L j) — Ly rn z n ° j > °j • — r jl ■ 

Er and -fffj are coquasitriangular bialgebra with the CQT structure given by 
r(zj, zf) = Rji- Hr is a coribbon Hopf algebra with the coribbon structure t(Zj) — 

Er and Hr coact on V by the coaction 8(xi) = Xj<g>zj. Hence V® n is a comodule 
of Er and Hr, its dual is comodule of Hr . The coaction of Er and the action of H n 
on V® n are centralizers of each other in End K (V® n ). Thus, p n {H n ) = End £fl (V"®") 
and simple Er comodules have form lm(p n (E\)), where E\ is a primitive idempo- 
tent of TL n . The natrural map Er — ► Hr is injective, hence simple -Efj-comodule 
are simple over Hr, too. 

If R is an even Hecke symmetry of rank r then Hr is cosemisimple, its simple co- 
modules are parameterized by Z-partitions, that is, the sequences of non-increasing 
integers of length r: X — (Ai, A2, A, ), A; £ Z, Xi > Aj+i. Let M\ denote the sim- 
ple comodule corresponding to A. In particular, V = M^y The coefficients in 
the decomposition 

M„ ® M„ = c^M A (10) 

A 

are the same as for those of irreducible rational GL(r)-representations, i.e., the 
Littlewood-Richardson coefficients. Further, let —A := (— A r , — A, — 1, — Ai), A + := 
(Ai — X r , A2 — A r , 0). Then 

(M x )* S M_ A , Ma = M A+ ® M(f) 0Ar . 

Notice that M/ ln N is isomorphic to the image of Y n in V® n . It is shown that Y r 
has rank 1 over K hence induces a group-like element D in Er, called quantum 
determinant. 

The interested reader is referred to [Q, ^ for more details. 

2.1. Characters of Comodules over Hr. Now, using the construction of Section 
[t] we can define characters of simple iJ^-comodules. Notice that the matrix C 
introduced above is precisely Cj = u(zj). We also set D* = u(tj) — Ph. Then, 
according to @, CD = DC = q-^K 
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Let A h n. Then the simple comodule M\ is isomorphic to Im(p n (E\)), where 
E\ is a primitive idempotent corresponding to A. Let us use the same character 
(E\) to denote the endomorphism on V® n induced by E\. Then we have 

Lemma 3. 

$(M A ) = q n( - r+1 V 2 tr(D® n ExZ® n ) $(MjJ) = q ^ r + l )/ 2 t r {C® n E X T®^) 
= q n ^+ 1 )/hr(D® n FZ® n ) ®(F*) = q n ^ +1 )/hr{C® n FT^), 

where F is the matrix of a morphism f : V® n — ► V® n , T® n j = T 0n j, . 

Proof. The above formula follow immediately from the identity (Q) Recall that 
$ is a trace map from End Bfi (U®™) into Combining $ with p n we get a trace 
map 7i n — ► Hr. Using Lemma [l] we can represent the character of a comodule 
morphism on V® n as a linear combination of $(T Cjt ), where cj, := (1, 2, ...,) a fc-cycle 
in 6„ (see §). Let P„ := $(T C J, ff„ := $(M (n) ), := $(M (1 » } ). 

Lemma 4. We have the following relations 

[n] q H n = H n _ 1 P 1 +H n _ 2 P 2 + --- + H P n , 

[n} 1/q E n = E n _ x P x - q- l E n _ 2 P 2 + ■■■ + {-q) n - l E P n , 

where [n] q := (q n — l)/(q — 1). 

The second relation was established in for slightly differently defined P n 's. 
Proof. Let X n and Y n be the quantum symmctrizer and anti-symmetrizer oper- 
ators on V® n . They can be defined by induction: 

[ n ] 9 ^n = (1 + Rn-1 + ■ ■ ' + R\R L 2 ■ ■ ■ Rn-l)X n -i, 

[n] 1/g Y n = (l-q- 1 R n _ 1 + --- + {-q) n - 1 R 1 T 2 ---R n ^ 1 )Y n ^ 1 . 

X n and Y n are projectors on V® n and their images are isomorphic to Mr n -\ and 
M(!») respectively. Hence $(A„) — S(„) = H n and $(Y n ) = = E n . We have 
X n Ri = R l X n = qX n , Y n Ri = RiY n = -Y n . Therefore 

[n) q H n = $((l + i?„_i + --- + i?ii? 2 ---i? n _i)X„_i) 

= *(X n _i(l + i?„-l + ■ • • + i?li? 2 • • ■ Rn-l)) 

= ff n _lft + + + • • • + fllifc ' ' ■ i?„- 2 )^„- 2 i?„-l) 

= H n ^P X + $(X n _ 2 (l + i?n-2 + ' • • + #1#2 ' • • Rn- 2 )Rn-x) 

= H n - 1 P 1 +H n _ 2 P 2 + --- + P n . 

The second equation is proved analogously! 

Corollary 5. The character map $ is a trace map on TL n with value in Ar, the 
subalgebra of Er spanned by {S\ := <f>(M\)\\ G P 1 *}. 

On the other hand, according to Equation (|^) and Lemma [l], we have 

S A = det|(F Ai _ i+i )i<ij<r-|,Ar-n S X = S X+ -D^. (11) 

Therefore we can define an algebra isomorphism — ► A r , Hk i — > /ife, where 
A r is the algebra of symmetric functions in r variables and hk are fc-th complete 
symmetric function. This isomorphism is in fact an isometry with respect to the 
scalar product defined in (^), under which S\ is mapped to s\ - the Schur functions 
and, in particular, Ek := SVife) is mapped to the elementary symmetric function 
efe. Thus S\ can be consider as quantum symmetric functions on non-commuting 
variables. Notice that the elements Pk are mapped to the symmetric functions qk, 
introduced by A. Ram in ||. 
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Let K be an algebra over K. A if-point A of Er is an algebra homomorphism 
A : E R — ► K. Let A = A(Z). Then a satisfies the relation RA X A 2 = A X A 2 R. 
Conversely, each matrix of elements from K , satisfying this relation give a ii'-point 
of -Er, it is then called a quantum matrix with coefficients from K. In this case we 
can define the elements S\{A) of K, replacing Z by A in the definition of S\. S\ (A) 
is called the value of S\ at the point A. Analogously, let E R P be the subbialgebra 
of Hr, generated by i's. Let N be a point of E R P , we define S-\{N) to be S"_a 
computed at T = JV. 

Let us consider an example. Assume that R is the Drinfcl'd-Jimbo matrix of 
type Ar-i, for 1 < i, j < r, p 2 = q, 

p 2 if i = j = k = I 

p 2 — 1 if k = i < j = I 
p if k = j 7^ i = I 

otherwise 

Then R is an even Hecke symmetry of rank r. The associated Hopf algebra Hr 
is called (the function algebra on) quantum general linear group GL q (r). The 
elementary symmetric functions are 

E k = P k(r+i) p 2{h+i2+ ''' ik) {-py i{a) zii' zii' ■ ■ ■ zii' . 

ii<ia—<i* oe6 t 

We see that R^j — unless = (k,l) or — (l,k). Therefore any 

diagonal matrix with commuting entries in the diagonal is a point of GL 9 (r). Let 
A = (oi, a2, . . . , a r ) be such a point. Then 

S\(A) = s x (qai,q 2 a 2 , . . ■ 1 q r a r ), 

where s\ are the usual Schur functions. 

2.2. The Characteristic Equation. Using the construction of Section [| we can 
also define the quantum powers of the matrix Z . 

(Z q * n )) := q^ r+i y 2 D^(R n R n ^ ■ ■■R 1 )%ZZ [ z* 

Theorem 6. (The characteristic equation for quantum matrix) The quantum ma- 
trix Z satisfies the following equation 

Z q * r - E x Z q *^-^ + ■■■ + {-l) r E r = 0. (12) 

Proof. If R is an even Hecke symmetry of rank r, Y r+ i = 0. Taking the partial 
trace of Y r+ i with respect to V® r , we have 

= ({l-q- 1 R r + --- + (-q)- r R 1 R 2 ---R r )Y r ) 

Using the equation (^), we have 
q»<r+W$ v9r ((1 - q - 1 R r + ... + {- q )- r R x R 2 ■ ■ ■ R r )Y r ) 
= $y®,(r r (l - q- l R r + ■■■ + (-q)- r R 1 R 2 ■ ■ ■ R r j) 
= $ v ®r(y r ) - [r] 1/q <$> V ®r(Y r Rr) 

= q- n(r+1 ^ 2 E r ■ Z - $ veP ((l - q- X Rr-l + ••■+ {-q) 1 ^ R t R 2 ■ • • Rr-^Y^Rr) 

= q - n{r+l ^ 2 {E r ■ Z - E r ^ ■ z q * 2 + ■■■ + (-iyz q * {r+1 ^). 



R 



ki 



Thus, 

Er-Z- E r _ x ■ Z q * 2 + ■■■ + (-iyz q < r+1 '> = 0. 



(13) 
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We have the following equalities 

JA pmtn-l« _ (r+l)/2rfc 

Multiplying the left-hand side of @ with i l m Pj£* D' 1 " ', we obtain 
Z 9 * r - Bi^ 9 *^- 1 ) + • ■ • + (-l) r £ r = 0. 

^4 priori this equation holds in i^R. However, since the canonical map Er — > Z?r 
is injective, this equation also holds in ErM 

3. The (7-analogue of Harish-Chandra-Itzykson-Zuber integral 

The HCIZ integral on U(n), J e tt,:{MUNui) dU, for any Hermitian matrices M 
and N, is given by 

f e ttr(MUNU^ du = y t ly ^$ A (M)$ A (iV). 

J / -^n\*—'rx 

n=l Ahn 

Here d\ is the dimension of the irreducible representation S\ of the symmetric 
group & n and r\ is the dimension of the irreducible representationM^ of U(n), $a 
is the character of M\, thus $\(M) is the symmetric function s\ computed at the 
eigenvalues of M. Equivalently, we have 

[ tv(MUNU^) n dU = V — <5>x(M)<S> x (N). 

J fr 1 r x 

Ahn 

In this section we want to give an analogue of this formula for the integral on Hr. 

A formula for the normalized integral on Hr is given in Q . Since Hr is coqua- 
sitriangular, its elements can be represented as linear combinations of elements of 
the form zf*zf* ■ ■ ■ zf^t^k ■ ■ ■ t k m . For simplicity we denote Zj := zf^zj* ■ ■ ■ z(™ 
and so on. The integral on ZjT^- vanishes unless 1(1) = l(K), where 1(1) means 
the length of I. If 1(1) = l(K) = n, then 

J Z'}Tk = Y, (PnC^ n R w -^'T w J K , (14) 
i»e6„ 

where, for K = (fci, fe, . . . , k n ), K' := (k„, fe n -i, • • ■ , hi). 

n n—X 

P n :=J[(L k -[-r\ q )-\ L k := ^<T ! i? ( „_ M) ; L x := 0. 

k=l i=l 

Lfe is the Murphy operator introduced in Let F\ be the minimal central idem- 
potent in Ti n , corresponding to A h n. Then 

Ahn xS[A] 

c>(a;) is the content of the node x in the diagram [A] associated to A, if a; is in the « th 
row and j th column then c\(x) = j — i. Let us denote px := q rn Y[ x e[\] i c *( x ) + r ]^ 1 - 

7i n possesses a non-degenerate symmetric associative bilinear form, given by 
< T u , T w >:— 5% q l ( u \ Then \(h) —< ft., 1 > is a trace map on H n . By dehnition, 
x(h) is the coefficient of 1 in the presentation of h as the linear combination of T w . 
We wish to find x(-^a)- 

Let TL n = ($)xev ^ ^ e the decomposition of Ti n into the direct sum of its 
minimal two-sided ideals, ,4a is itself a matrix ring of degree d\, with the unit F\. 
Let E\ 3 be a K basis of A\ such that EV E^ 1 = S J k E x l . From standard argument (cf. 
||) for any trace map h on Ti n , h(E x 3 — unless i — j and h(E" = d' x 1 x(F\) —: 
k x does depend only on A.Then < E\ j ,E k J >= 5^5\k x . Therefore {j-E% |A <E 
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"PmhJ — 1)2,. ■■ j^a} is the dual basis to {E^\X G V n ,i,j = 1,2,... ,d\} with 
respect to the bilinear form defined above. On the other hand, with respect to this 
bilinear form, {q~ l ^T w -i\w G & n } is the dual basis to {T w \w 6 ©„}. Thus, we 
have 

]T q- l ^T w -, ®T W = J2 J-2# ® E{\ (15) 
Now assume that M is a point of En and N is a point of E°j? . According to (H), 



(|15[), we have 

= J! «~ ,(t0) g n(r+1)/2 tr(P„C® n iZ l0 -iJV®") ■ tr(i2 w D® n M® n ) 
£ fc A 1 g n(r+1)/2 tr(P„^ i C <8>n iV^) • tr(E^D^ n M^ n ) 

l<i,j<d x 

X A A W" (r+1)/2 $(£f )W ' W 

AHti 

= £ g -»('-+i}/a (iAfe -i pA 5 A ( M ) S _ A (jv). 

Ahn 



Here jV® n 7 := M® n r . In the last equation we use the fact that ®{E{ 1 ) = unless 
i = j. Thus, to compute the integral above, it remains to find k\. 

Since TL n is semi-simple, $ can be uniquely represented as a combination of 
irreducible characters of TC n with coefficients from A^: $ = ^ A K\\ x , where % A is 
the irreducible character of TL n , that corresponds to A € V n . Let E\ be a primitive 
idempotent corresponding to A, then x X {E^) = <5 A and $(E\) = S\, hence K\ = S\. 
Thus, we have $ = X A >Sa- The orthogonal relations in imply 

x\w) = (*(W),$(e x )) = J mwMED). 

Recall that (cf. (@)) $(W) = q n ( r +V/ 2 (D® n W Z® n ), <S>(W*) = q n ( r +V/ 2 (C® n W Z® n ). 
Therefore using (|l4[) , (15), we have 

X X (W) = Q~ Kw MC 9n ^T w WP n T w - l ) 

= k-'pMC^WFx), 

here we use the fact that CD = q~( r+1 \ In particular, 1 = x X {Ef) = fc A W^C®"^ )• 

Notice that a*^ 1 ) / 2 tr (C® n W) = £ ($(ft~)) i s the braided trace of the mor- 
phism W in End(V® n ). In particular, g r ( n+1 )/ 2 tr(C" 8 "£'") is the rank of the simple 
comodule M\, it was computed in 

-ra(r-l)/2+n(A) TT [ c a(^) + rjg 



[h\(x)] q 



rank(M A ) = g -»(r-i)/2+n(A) -Q 

xe[x] 
Therefore 

fcA = <z n(A) I] IHx)}*' 1 - 

x£[X] 

Thus we have proved 

Proposition 7. TTie value of the character x on a primitive idempotent Ex is equal 
t° 9" (A) 1~U[A] Ux)]- 1 , or equivalent^ X = J2x <T {X) IL 6 [A] V- 

The value of kx gives us immediately the quantum analogue of HCIZ integral. 
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Theorem 8. The quantum HCIZ integral on quantum group of type A r ^\ is given 
by 

J q n{r+1)/ hr{D® n M® n Z® n N® n T® n ) = ^ ran ^ M j S X (M)S-x(N). 

Example. Assume that R is the Drinfel'd-Jimbo matrix of type A r ^\ and M = 
(jti, /i2, ■ ■ ■ , fJ-r), N — {yi, V2t ■ ■ 7 Vr) De diagonal matrices. Then we have 

/ Vz'Xt/) = £ — ^ irf -A(g , /*i)-A(A), 

J f—' rank(Mx) 

where |/| := ii +t2 + • • • + 4, ^ 7 := t^ 2 ■ ■ ■ l± %m ■ 

Notice that the value of k x allows us to give a formula for computing irreducible 
characters of the Hecke algebra TL n . In fact, since \ is faithful, an irreducible char- 
acter \ x can be computed from \ m the following sense x X {W) = x{WF\)x(F\)~ 1 , 
where F\ is the minimal central idempotent corresponding to A. If rank(i?) = n 
then H n End ER (V® n ). Therefore we have 

Proposition 9. The minimal central idempotents Fx contain all information about 
the character table of the Hecke algebra. Let t\{w) be the coefficient of T w in F\. 
Then 

„l(w) — n(A) 

X\T W ) = q —±-^ \{{h{x)[h(x)] q )t x {w^). 

xe\ 

Indeed, X (Fx) = d xX (Ex) = q n ^d x Y[ x€[x] [h(x)]-K d x = n\]J xe[x] h(x)-K 



Acknowledgment 

The author would like to thank the Abdus Salam International Centre for The- 
oretical Physics and the Max-Planck Institute for Mathematik, Bonn, for their 
hospitality and financial supports. 

References 

C. C. Itzykson and J.B. Zuber. The planar approximation. II. J. Math. Phys, 21:411-421, 1980. 
R. Dipper and G. James. Block and Idempotents of Hecke Algebras of General Linear Groups. 
Proc. London Math. Soc, 54(3):57-82, 1987. 

F.M. Goodman, P. de la Harpe, and V.F.R. Jones. Coxter Graphs and Towers of Algebras, 
volume 14 of MSRI publications. Springer- Verlag, 1989. 

Phung Ho Hai. Koszul Property and Poincare Series of Matrix Bialgebra of Type A n . Journal 
of Algebra, 192(2):734-748, 1997. 

Phung Ho H ai. On Matrix Quantum Groups of Type A n . Preprint ICTP/97101, 



q-alg/9708007| , 1997. 

A. Joyal and R. Street. Braided Tensor Categories. Advances in Math., 102:20—78, 1993. 
P.N. Pyatov and P.A. Saponov. Newton Relations for Quantum Matrix Algebras of RTT- Type. 
Preprint IHEP, 96-76, 1996. 

A. Ram. A Frobenius Formula for The Characters of The Hecke Algebras. Invent, of Math., 
106:461-468, 1991. 

N. Reshetikhin and V. Turaev. Ribbon Graph and Their Invariant Derived from Quantum 
Groups. Comm. Math. Phys., 127:1-26, 1990. 



Hanoi Institute of Mathematics P.O. Box 631, 10000 Bo Ho, Hanoi, Vietnam 
Current address: Max-Planck Institut fur Mathematik, Gottfried- Claren-Str. 26, 53225, 
Bonn, Germany 

E-mail address: phung@mpim-bonn.mpg.de 



